Chapter V

Counting large maps

Initially, in quantum gravity and string theory, the problem of counting maps, i.e.
surfaces made of polygons, was introduced only as a discretized approximation for
counting continuous surfaces. The physical motivation is the following: in string the-
ory, particles are 1-dimensional loops called strings, and under time evolution their
trajectories in space-time are surfaces. Quantum mechanics amounts to averaging over
all possible trajectories between given initial and final states, i.e. all possible surfaces
between given boundaries. However, trajectories should be counted only once modulo
their symmetries, in particular conformal reparametrizations, in other words, trajec-
tories are in fact Riemann surfaces (equivalence class of surfaces modulo conformal
reparametrizations).

The set of all Riemann surfaces with a given topology and given boundaries, is
called the moduli space, and string theory amounts to ”counting” Riemann surfaces,
i.e. measuring the ”volume” of the moduli space.

Physicists made the guess that in some appropriate limit, the counting function
of discrete surfaces (maps) should tend towards the counting function of Riemann
surfaces. In some sense, surfaces made of a very large number of very small
polygons should be a good approximation of Riemann surfaces in quantum
gravity !
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In this chapter, we are going to explain how to find the asymptotic generating
functions of large maps, and then compare with Liouville conformal field theory of
quantum gravity, and in the next chapter we are going to compare it to the enumeration
of Riemann surfaces.
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1 Introduction to large maps and Double scaling
limit

The idea is to count maps made of a very large number of polygons, and send the size
of polygons (the mesh) to zero so that the average area remains finite.

1.1 Large size asymptotics and singularities

Let us start with general considerations about large order behaviors.

It is a standard knowledge that there is a relationship between the large order be-
havior of a sequence, and singularities of the corresponding generating series. Consider
a sequence {Ay}ren, and the formal series:

A(t) = Z A th
k=0

Imagine that A(t) is convergent in a disc |t| < |t.|, for instance assume that it is an
algebraic function of ¢ (which is indeed the case for generating functions for maps).
The basic example is:

T'(k+a)

A =C(te—t)“=Ct;" ) () (t/te)*
k=0

The large order behavior is obtained from Stirling’s asymptotic formula:

con Dk + @) t
_ a—k ~ c
A= Ot 0 % T

[0}

tok ot (V-1-1)

More generally, if A(t) is an analytical function with several algebraic singularities
tei, teo, tes, . .. with exponents aq, s, s, . . ., the large order behavior of Ay is dominated
by the singularity(ies) t.; closest to the origin, those for which |¢.;| is minimal.

t
A ~ E ) ci —'k a;—1
kk—>oo - CZ F(O&l) tm K
[teil=min{[tc;|}

Conversely, if a sequence Ay has a large order behavior of type eq.(V-1-1) with «
rational, then its generating series A(t) has a singularity of algebraic type.

There is also an intuitive approach to understand the link between singularities and
large order behaviors. The expectation value of k is:

Sk Attt A1)
Zk Ay tk B A(t)
thus, if we want large values of k to dominate the expectation values, i.e. if we want

< k > to become very large, we need to choose ¢ such that tA’/A diverges, that is we
need to choose t close to a point where In A(¢) is not analytical.

< k>=
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A weaker statement would be to require that some moment of £ diverges, for in-
stance:

1 1 d\"
<k >=—— ) kP Attt =—— [t— ) At
A(t) zk: UTA® ( dt) (t)
In other words we want to choose t = t. such that some derivative of A(t) diverges.

Let us now illustrate those general considerations on some examples.

1.2 Example: quadrangulations
The generating function of quadrangulations of genus g with ns quadrangular unmarked

faces, and thus v = ny + 2 — 2g vertices is:

Fy(ty) = 17729 "(tty)™ > #A%@Y

n4 2eM? (ng+2-29)

The average number of faces is thus:

OlnF,
oty

OlnF,
ot

<ng >=1y =<v>+29—-2=t + 29 —2
where < v > is the average number of vertices.
In order to have < my > or < v > very large, one must chose ¢ in the vicinity of

a singularity of F,. We have seen in chapter III, that all the F},’s (except F and F)
are rational fractions of 42 = 1112 Vét—412tt4’ and thus F, is singular when ~? is singular,

that is at ¢ = t. = 1/12¢,. For instance, with the notation r = /1 — 12t{,4, we have
according to eq.(I11-6-1), eq.(I11-6-2) and eq.(I1I-6-3)):

- t? 1 5.3 LEr
p— —_— _ _—— n—
0 2 \3(1+7r)?2 3(1+r) 4 2
t? 1 4
= 3 (1n2 -5 At 36t2ti) — EtQ (1 —t/t.)°* +O((1 — t/t.)*),
1 1+7r 1 In 2
o= —1 = — — In(1—12tty) — — 4+ O((1 — t/t)'/?

[ —897 4 201 + 1301 — 1002 — 651 + 56 B,
T 5% 9 % 281 8
7

= TELe (1—t/t) 2+ 01 —t/t.)?

Below, we will prove in theorem 3.1 that in general, for quadrangulations, F} is
singular at t = t, = 1/12t4, and behaves (for g > 2) like:

F,~F,t>% (1 - t/t)i1%72) 4 subleading
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the constant prefactor Fg is called the "double scaling limit” of F,, and our main
goal from now on, is to compute it, not only for quandrangulations, but for all sorts of
maps. We address that problem below, and the answer is given in theorem 3.1.

For F| and Fj, to leading order at ¢t — t., only the derivatives diverge as a power
law:

FFy 1 B B
L= (=t (1= /1))
OF, 1 B B
a—;: o (-t Lho((1—t/te)™)

Let us compute 2 u, = singular part of 9*F,/dt*, we have

B 1 49
F, 5 5
forg > 2, Ug:éz(Q—Qg)(Z(Q—QQ)—l),
and define the formal series
1 1 49
_ 2 (A-5g)/2 _ L 12, L 2 —9/2
U(S)—;ugtcgs 9/ = 55 +488 +732*288 +...

The values which we have found for wg, u1, us indicate that u(s) seems to satisfy the
Painlevé I equation to the first few orders

3
3u? +u/2 = 15t O(s713/2),

Our goal in this chapter, is to prove that indeed u(s) satisfies Painlevé I equation to
all orders:

3u? + /2 = 5 s.
4
This Painlevé equation determines all the coefficients u,, and thus 159, i.e. it gives the
asymptotic numbers of large maps.

The Liouville minimal model of conformal field theory coupled to quantum grav-
ity, predicts that the generating function of "number of surfaces”, should satisfy the
Painlevé I equation, so what we find is an agreement between the asymptotic number
of large maps, and the Liouville conformal field theory of gravity.

Mesh size

Oln Fy
Oty

quadrangles have the same area €* (we call mesh size the side of each quadrangle, that
is €), the average area is:

The average number of quadrangles is < ny >= 1,4 , and thus, if we say that all

62

L

te

5
< Area >= € < ny >~ 1(2 —29)
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If we want to have a good continuous limit of random surfaces, we require the area to
remain finite, and it means that we should choose:

e ~t.—t

Therefore, the distance to critical point t. — ¢ can be interpreted as the mesh area, i.e.
the area of elementary quadrangles.

1.3 About double scaling limits and Liouville quantum gravity
Origin of the name “double scaling limit”

Remember that we have defined InZ = 37 N*7% F,, where Z is the generating func-
tion of all maps of all genus not necessarily connected. Anticipating on theorem 3.1, we
notice that Fy ~ Fy t27%9 (1 —t/t.)* 29" with the exponent of (1 —¢/t.) proportional
to 2 — 2g. Thus, it is possible to define a rescaled parameter N = N t. (1 —¢/t.)*, and
a series: .
mZ=3 K,

g=0
such that Z is the ”limit” of Z, in the ”double scaling limit” (double because we take
a limit on both N and t):

t—t . .
¢ _— /J p— p— 1 ~Y
{ N o oo Nt.(1—t/t.)* = N = finite — Z~Z.

This double scaling limit Z is to be viewed as the generating series of the continuous
limit of maps.

From large maps to Liouville gravity

Fg is the generating function of asymptotic numbers of large maps of genus ¢, rescaled
by a power of the mesh size.

In a similar manner, one is also interested in the double scaling limits of W
counting asymptotic numbers of large maps of genus g with n asymptotically large
marked faces.

The guess made by physicists working in quantum gravity 1n the 80’s and 90’s, was
that those double scaling limit generating functions F and Wn , should coincide with
correlation functions of Liouville conformal field theory coupled to gravity. This guess
was supported by heuristic asymptotics of convergent matrix integrals, hoped to be
valid for formal integrals.

On the conformal field theory side, due to conformal invariance, the correlation
functions of a conformal field theory, must have the symmetry of some representations
of the conformal group, that is they are given in terms of representations of the Virasoro
algebra.

Finite representations of the conformal group were classified (in the famous Kacs
table [27]) and are called minimal models, they are labeled by 2 integers (p, ). For
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the minimal models, the partial differential equations imply that the partition function
has to satisfy a non-linear ordinary differential equation. For example, the minimal
model (3,2) is called pure gravity, and its generating function satisfies the Painlevé I
equation.

The minimal models are also related to finite reductions of the KP (Kadamtsev-
Petiashvili) integrable hierarchy.

If the asymptotics generating functions Fg of large maps were related to Liouville
gravity, that would mean that Z would be a tau-function for the KP (Kadamtsev-
Petviashvili) hierarchy of integrable equations, and in particular Z should satisfy some
non-linear differential equations with the Painlevé property. We shall derive these
differential equations below in section 4.

Thus, in principle, if we want to compare large maps to Liouville quantum gravity,
we have to check that the generating function of the Fg and Wég)’s, satisfy the differ-
ential equations of some (p, ¢) minimal model. In particular, we have to check that Z
is indeed the tau-function of a minimal model reduction of the KP hierarchy

7 £ Tau — function of (p, q) reduction of KP hierarchy.

We also have to check that the scaling exponents of large maps, are those computed
by KPZ (Khniznik Polyakov Zamolodchikov) [56]

-9 ?

KPZ t y=—"—, F,~F, (1-t/t)?29007/2)
exponent -y ptq—1’ g g( /te)

All this was done at a heuristic level by physicists in the 90’s. We provide a
mathematical proof below in this chapter.

2 Critical spectral curve

Here we study what special happens at t = ¢. 7 Why generating functions diverge 7

2.1 Spectral curves with cusps

In chapter I1I, we have seen that the F,’s for g > 2 are rational fractions of o and v* (Fp
and F) also contain logarithms of rational fractions of @ and 7?). « and ~ themselves
are obtained by solving an algebraic equation, and thus they may have singularities.
One can compute (see theorem 4.5 section 111.4.3):

(ji_z - i (y%l) i y’(l—l))

and y'(1) and y/(—1) are themselves algebraic functions of t. Therefore we see that -~ is
singular whenever 3/(1) = 0 or 3/(—1) = 0. Without loss of generality, let us consider
that /(1) vanishes at ¢t = ¢..

We are thus led to study the behavior of y(z) near z = 1. For any ¢, let us compute
the Taylor expansion of z(z) and y(z) at z = 1.
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Since x(2) = a+(z + 1/z) we always have 2/(1) = 0, and to the order (z —1)? we
have
z(z) ~ (1) +v(z — 1)* + O((z — 1)%),
and thus
r—a
Y

And y(z) ~ (z—= 1)y (1) +5(z— 1)*y"(1) + (2 = 1)*y"(1) +. . .. Generically y behaves

like a square root near its branchpoints:

y~y'<1>\/‘”;“ +O0((x — a)?)

At t = t., however, since y'(1) vanishes, y no longer behaves as a square root, it has a
cusp singularity of the form y ~ (z — a)®?, and if more derivatives of y vanish, it has
a cusp singularity of the form:

z2—1nr~

y ~ (z —a)P/d.

Here, for maps, y is always the square root of some polynomial, so that p/q must be
half-integer, i.e. ¢ =2 and p = 2m + 1 where m corresponds to the first non-vanishing
derivative of y at z = 1, that is y(z) ~ O((z — 1)?™*1).

Remark 2.1 In more general maps, for instance colored maps carrying an Ising model (see
chapter VIII), or a O(n) model, other exponents p/q are possible. The Ising model allows to
reach any rational p/q singularity. The O(n) model allows to reach all p/q singularities (not
necessarily rational) such that n = —2 cos ().

The integers p and ¢ are going to be related to the (p,¢) minimal model.

If ¢ is close to t., the curve y(z) is not singular, but it approaches a singularity.
So, let us zoom into a small region near the branchpoint.

t=t. t~t.
For example, consider that the branchpoint which becomes singular is the one at
z =1 (in case both branchpoints become singular there are extra factors of 2 in some

formulae, this is the case for even maps).
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Example: quadrangulations

If one plots the spectral curve y versus z, one sees that at ¢ # ., the curve (z,y) is
regular, it behaves generically like a square root near its branch points x = 42+, it has
everywhere a tangent (at the branchpoints the tangent is vertical). At t =t. = ﬁ:
the curve (x,y) ceases to be regular, it has a cusp singularity, it has no tangent at
z = 1. Indeed, we have (from eq.(III-1-15)):

Uy

22t 1— /112t
y=—2 (P42 +32 L) Var 4, = -

2 ’}/2 —1 6t4

At t =t.=1/12t, we have v* = 2t and thus:
t
t=t. = y:—g (2% — 8t)*/

At t = t., the square root singularity at x = 2+ is replaced by a power 3/2 singularity.

y y y

In a vicinity of the critical point, we parametrize ¢4 as:

1—¢2

ty =
4 12

where € is the "mesh size”.

In the small € limit we have the Taylor expansion:
P 2t(1—€) +0(H)

and if we rescale z in a vicinity of the branch-point x ~ 2v as:
1
T =V8E(1+ 2e(¢* - 2))

we find that y behaves like:

oL @50 +oed)

This corresponds to having rescaled the Zhukovsky’s variable near z = 1 as

z:1+\/§C+O(e).
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Let us define the parametric curve (Z,y) defined by keeping only the leading non—
trivial behaviors of x and y at small e:

{ (¢)=¢*—2
3(¢) = ¢ =3¢

it is called the "blow up” of the curve (z,y) near its singularity.
This blown up curve is going to play an important role below.

2.2 Multicritical points

The previous example of just quadrangulations is in some way too simple, as it does
not contain any "multicritical point”. The reason is that it depends only on 1 variable
tiy.

Example: quadrangles + hexagons

In order to illustrate a more general type of mutlicritical behaviour, consider maps
with both quadrangles (weighted by t4), and hexagons (weighted by ts), in particular
they are even. We have:

V(1) = 2 — tya® — tga”

The spectral curve is easily computed with theorem III.1.1:
1 t
=3 <t6(x2 —49%)? 4 (ta + 10t67?) (2% — 49%) + 3tay® + 20t67" — ﬁ) Va2 — 42

where 72 is the solution of the following algebraic equation, and which behaves like
t+ O(t*) at small ¢:
t =72 — 3tsy? — 1075, (V-2-1)

i.e. according to chapter III

2k + 31)!
2 _ Hht+1 ( v
! ; (k+25+1)!k!u( 1)" (10%)

We have now 2-parameters t4 and tg. For each ¢4, we can find a critical value of g
at which y has a cusp y ~ (x — 2v)%2. It happens when 3t,7? + 20ts7y* — 7% =0, ie.

L2 2Tt 2(1 - 9tty)2

— 22
6 270 12 (V-2-2)

This gives two critical lines in the (%4, %) plane.

Then, if in addition to eq.(V-2-2), we have t, + 10tg7? = 0, we can find a point (at
the intersection of the two critical lines) where y ~ (z — 27)%?2. This point is at

1
270 t2

ty = lg =

1
9¢ ’
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This is best represented on a phase diagram:

2
tt6

172
y~x

\//2 2

3 5
y~X =X

Now, our goal is to consider t4 and tg a little bit away from the critical point, and
study the limit of generating functions of maps, as we approach the critical point.

Of course, depending on how we approach the critical point, we can find different
asymptotic behaviors. The asymptotics for the Fj’s are going to be different if we
approach the critical point along a critical line, or from a generic direction.

Let us consider a small vicinity of the critical point, parametrized as:

1 to 1 .
th=—(1—-€&— t=——— (1 -ty + s
4 9t ( 3 ) ) 6 270t2 ( 0 )
where e is small (it is the mesh size), and s,y are of order O(1).
It will be more convenient to use a variable uq instead of s:

s = 8ug—250u0.

In some sense 1y measures the distance to critical point along the critical line, and
to — 12u2 measures the "distance” transverse to the critical line.
The equation eq.(V-2-1) for ~y gives:

3t
— =1+ 2euy

7
and if we rescale x in a vicinity of the branch-point 2v as:
z ~ V324 € (2 = 2ug) + O(€2))
we find that y behaves like:

t
y~alg o€

3

[Ml[el

<_8§’ +8up (P + (fg — 12u8)<) (1+0(e))

The parametric curve (Z,q)

{ (C) =¢* —2uy .
G(C) = =2 (¢° = 5ugC® + 50 ¢) +1n ¢
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is called the "blown up” of the curve (z,y) near its singularity. Again, anticipating on
section 4, we notice that the exponents 5 and 2, are a hint that this spectral curve has
to do with the (5,2) minimal model.

The differential form ydx plays a key role in the recursive computations of Wég)’s,

and it scales like:
yda ~ te’? §di + O(”?).

Remark 2.2 If we would compare the formal matrix model for maps to a convergent matrix
integral, then the large N limit of the density of eigenvalues would be p(z)dx = 2];71 ;Y dx.
Thus, we see that if we choose

¢~ N-2T,

then a region of size of order € near the edge, contains a finite number of eigenvalues of the
random matrix. This is a hint that the double scaling limit to be considered will be ¢ — ¢,
and N — oo and N(1 —t/t.)7/* = O(1).

Multicritical points, general case

More generally, when we consider maps, we have a spectral curve (z,y) depending on
some parameters ts,ty,...t; and t. As we have already noticed, the spectral curve
depends only on the rescaled parameters 51 tr, and the parameter ¢ is redundant,
but for further convenience we prefer to keep it.

In the space of parameters t;, there exists critical sub-manifolds, corresponding to
various singular behaviours for the spectral curves (z,y), of the form y ~ (z — a)?/?,
where ¢ = 2 and p = 2m + 1.

Consider a critical point ¢; = t;., at which we have y ~ (z — a)m+%.

When we move away from this point, we may move along various directions, for
instance along a submanifold where y ~ (z —a)™*2 with m/ < m, or we can also move
into a non critical direction m’ = 0.

Therefore, it is better to reparametrize our parameters t,t;’s as functions of more
appropriate parameters e, t;’s:

ti =tile,t1, ..., tm) where € =t.—t

and in such a way that the spectral curve can be written in the regime ¢ — 0 and
t; = 0(1) as:

y(¢) ~ e e 3 (X7 L Qo (C))  + O(emtE)

Ye

{ 2(() ~ ae +7.€(C? —2u)  + O(€?)

where

I (—u) o (2m + ) L .
Qm’(C) _ Z ( ;'L) (ZT(n,Tﬁ ;‘; _2 1)” C2m —2j+1 _ <(<2 . 2u)m +§>+ (V-2-3)

is a polynomial of ¢ of degree 2m’ 4 1 (it is the polynomial part of the large ¢ Laurent
series expansion of (C2 — 2u)™*2).
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The first few are

15u?
2

Q) =¢ . Q=3¢ ,  Q)=¢C-5u+ ¢

The spectral curve now depends on the parameters €, u, and t;, i = 1,...,m.
We have an extra parameter u, but we shall see below, that some consistency
condition imply that u has to be a certain function of the ¢;’s.

At e # 0, the spectral curve is regular, its branchpoints are of square root type. The
curve becomes singular in the ¢ — 0 limit, and depending on the ¢;’s, it may become
critical or multicritical along some critical submanifolds.

Our goal is to study how the F,’s diverge in the limit e — 0 (i.e. t —t. — 0). We
are going to prove in theorem 3.1 below, that (remember that €2 = t. — t):

Fyr (L= t/1)P7200 2720 Fy(f;) (1+0(1))
2m+3
2m+2" 3
below, and we shall find that the coeflicients F, are the symplectic invariants (see
chapter VII) of the blown up spectral curve:

{ 2(¢) = ¢* = 2u
(€) = 2 =g b Qe ().
Then, we shall show that the symplectic invariants of that curve, are related to the

(2m+1,2) minimal model, and their generating function satisfies the (m-+1)" Painlevé
I equation.

and the values of Fg are computed in theorem 3.1

the scaling exponent p =

<

3 Computation of the asymptotic Wég)’s

Here, we compute how the functions WT(LQ) (x1,...,2,) behave in a small region of size
§ around a branchpoint (z = 41 for instance). We shall study this behavior indepen-
dently of being close to a critical point or not, i.e. whether the curve behaves like a
square root y ~ v/ — a or like any other power y ~ (z — a)?/9.

Also here, we choose a small size 6 on the spectral curve (i.e. in the z variable),
independently of any mesh size €. It is only later that we shall relate the two.

We thus rescale the Zhukovsky variables z;’s
2 =1+0¢
and thus z; = z(z) = o+ y(z; + 1/2;) gives:
z; = x(1) +70°¢ + O(8°).
Our goal is to study the asymptotic behavior of W (x1,...,,) in the limit § — 0.
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For latter purposes, we will also be interested in situations where the size § may
depend (or not depend) on the times ¢, ¢, and thus (1) and v may also have a small
0 expansion.

For example, if we are near a critical point, we may want to choose the scale § of
the form ¢ ~ (t. — t)” with some appropriate exponent v (v = 0 if ¢ is independent of
t).

However, for the moment, we do not assume any particular relationship, in fact we

allow any arbitrary relationship. Thus we find, by doing a Taylor expansion in powers
of 9:

{x<z>~x<1)+vé%(<)+o<52) ;o w(O)=¢~2u , g=2
y(2) ~ £ 6%5(C) + o(67)

where p is the leading exponent in powers of §, and ¢ is, for the moment, an almost
arbitrary function of (. For example, if we assume that y would behave locally like
(x — a)P/? then §(¢) would be a polynomial of ¢ of degree p.

The coefficient v comes from the O(§?) term in the expansion of z(1) = xg + 2,6 —
2y ud? + O(6%), it is related to the choice of relationship between § and ¢, ¢;’s, and this
choice will depend on the kind of critical point under consideration.

We call the curve §(Z) the blown up of the curve y(x) in the region of size §:
[
4(¢)

All the generating functions Fj, and W are given by theorem III.3.1 and theorem
[11.4.3, i.e. by residue formulae in the vicinity of z = £1. Near z = 41, we write z =
140¢, and near z = —1, we have z+1 = 24+ 0(0). Let us study how each term behaves
in the small § limit. The fundamental second kind differential B(zg,2) = 1/(z9 — 2)?
behaves like:

znear +1 | z near —1
B(z0,2) ~| 2 near +1 | 672 B((o, () | O(1) x(1+0(4)),
zp near —1 | O(1) O(1)
where B((o, ¢) is the fundamental second kind differential of the curve §(Z):
Bl6o Q) = s
v (€ —G)*

Similarly, the kernel K (see eq.(III-7-1) in chapter III)

fﬂ%@:%(%iz—%ig)w@ﬁmw>

behaves like:

z near +1 z near —1
K(zg,2) ~| 29 near +1 %5*(1’*‘1)}((@0,() 0(1) x (14 0(0)),
2 near —1 | O(§~(Pra—1) O(1)
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where K (o, ¢) is the recursion kernel (see chapter VII) of the spectral curve (Z, ):

) 1/ 1 1 L
Flod=3 (co—c - <o+<) 29(0) #(¢)

Therefore, we see that the leading contribution to wr(lg_gl(l +0Cp, ..., 1+0¢,) is given
by the case where all residues are taken near +1, and can be computed only in terms
of B and K. By an easy recursion on 2g +n — 2, we obtain:

Theorem 3.1 Double scaling limits of correlation functions

WL+ 8Gr, . 14 8G,) ~ 27207 §E720m MR 57 G (¢ G) (1+0(9))

and @7({‘]) are determined by the recursion relation:

1

%) = e

&2 (6o, J) = Res K (G €) [#957(¢,~¢.0) )+ 3 6 € D ()]

h=0 ICJ
(V-3-1)
where

~ 1 1 1 1
K(Go,¢) =5 ( - ) - - - :
©9=3\G=¢ " av¢) GO0
Therefore, we have found the scaling limit of W in a small region of size 4.

Remark 3.1 Notice that the recursion relation eq.(V-3-1) for the 59, is very similar to

the recursion relation of theorem 3.1 for the w(g )’s themselves. In fact both are special cases
of the general ”Topological recursion” introduced in [37], which is presented in chapter VII
in this book. In some sense, the topological recursion commutes with taking limits.

Then, one could be tempted to apply the same method to the computation of £},
(with g > 2), from theorem I11.4.3:

(2—29) F; = Res (= )w'? (2)dz + Res ®(z)w 9(2)dz (V-3-2)

z— Pahei]
Indeed, we have seen that w'? (14 6¢) ~ §(1=290@+0-1 59 () whereas near z = —1 (if
z = —1 is not critical) we typically have w\? (2) = o(§0~29®+0=1) Thus, naively, one

is tempted to write that the leading behavior of Fj, would be:
E, ~ @200+ 2729 2 (1 4 0(1))

where




with ®'(¢) = 5(Q)7'(¢). )
However, this formula can be valid only if F, # 0, otherwise this means that in fact
F, is given by subdominant contributions and all what we get is in that case

F,=0 & F,=o(0@ 20,

This is not surprising, because Fy, is not a function of ¢, it is a function of the ¢;’s and
so far we have not considered the relationship between d and the ¢;’s. For instance if
one chooses 0 independent of the ¢,;’s, then in that case Fj should clearly not depend
on 9.

Remark 3.2 In case where both z = —1 and z = +1 are critical points of the curve (z,y),
it may happen that the two terms of eq.(V-3-2) are of the same order of magnitude.
(9)

For instance this is the case for even maps, where all functions w;’ have a symmetry
z — —z, and in that case, we get an overall prefactor 2:

Fy ~ 262720040 2-29 B (1 4 0(6)).

3.1 Double scaling limit of F|,

In the case of the spectral curve (x,y) of the enumeration of maps, which has near a
critical point a cusp singularity of type y ~ (z — a)?/? (with p = 2m + 1, ¢ = 2) near
its branchpoint, we choose a scale § = (1 — t/t.)”, and the blow up is of the form

{ z(z) ~x(1) +079(t)x(() +o(d?) ,  deg@=q=2
y(z) ~ (57’7&1) 7(¢) + o(67) ; degyg=p=2m+1

where §(¢) is a polynomial of ¢ of degree p. We parametrize the blown up spectral

curve as:
7(¢) = ¢ —2u
{ 7(¢) = 2ok tr@n(C)
where we decompose the polynomial §(() onto the basis of the Qj’s defined in
eq.(V-2-3).
Moreover, we choose the t; close to their critical value, and we define the fj to be
the distance from the critical point, measured in eigendirections, i.e. in the form:

tk — tk,c —+ Z Ck,j O Ej.

J

It can thus also be written t; = tj . + Zj Crj (1 —t/t.)""i t;. The j™ exponent vv; is
called the “dressed exponents”, of the flow which moves from the (2m+1, 2) singularity
to the (25 + 1, 2) singularity (indeed ¢; is associated to @Q;(C)):

dressed exponents v;.

It remains to determine the exponents v and v; (and check that they match with the
KPZ formula [56]).
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In this purpose, we recall lemma III. 1.4, we have (at fixed ty):

dx(z) Oy(z) Oy(z) Ozx(z) 1

dz Ot 0z Ot z
which can be rewritten, in the regime z =1+ 0, and § ~ (1 —t/t.)", as

DAl = ) F( Qul6) — 1 QOO = TN (L olt). (V39

From their definition (see eq.(V-2-3)), one sees that the Q) satisfy

(2k +2)!
(k+D!'(k+ 1)

(2k + 1)T'Qp — 22Q), = —2(2k + 3)(—u/2)F

Since the @} form a basis of odd polynomials of degree < 2m + 1, the only possibility
for the right-hand-side of eq.(V-3-3) to be a constant, is to choose p — v, = 2k + 1.

Also, since the left-hand-side of eq.(V-3-3) is independent of §, we must have 1/v =
p+qg—1:

1
S =p—(2k+1)=2(m— k).
D + q— 1 ) Vg p ( + ) (m )
We also find that u is solution of a polynomial equation:
(2k + 3)! p+q— 1
E —_— 2 —_— V-3-4
ERTESE U/ =" (V-3-4)

Therefore, the generating functions of large maps are asymptotically given by

Theorem 3.2 Double scaling limit of the Fy,’s enumerating functions of maps, at a
(p,q) critical point (p=2m+1, ¢g=2), for g > 2:

Fy~ (1= t/t) P05 1272 fr 4 O((1 = t/t) T 20550

where

g =

73, Res 2O @7(0) (V-3-5)

and where )

() = y(¢)7'(¢)
and where generically C' = 1. For cases where the 2 branchpoints are critical, we may
have C' # 1, in particular for even maps we have C' = 2.

Therefore, we have computed the double scaling limit Fg of Fy.

Remark 3.3 Ifp = 1,q = 2, i.e. if the spectral curve has a regular branchpoint y ~ /= — a,
the Blown up spectral curve is simply ¥ = v/Z + 2u, and one may check that this spectral
curve has Fg = 0, which is expected since F} is not divergent when the spectral curve is
regular. In that case, I is given by the subdominant contributions. Therefore theorem 3.2
is useful only when p > 3.
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Remark 3.4 The recursion relations eq.V-3-1 and eq.V-3-5 are very similar to the ones for

WT(Zg ) and F, of theorem.3.1 and theorem.4.3 in chapter III. We will show in chapter VII,
that it is possible to define a common framework for both Fj and its double scaling limit
Fg, namely the notion of a family of ”symplectic invariants” attached to any spectral curve
y(z). The counting functions of maps as well as their scaling limits are special cases of those
invariants.

In other words, if F is the g'™ symplectic invariant of the spectral curve y(z), then:

Theorem 3.3 Fg is the g™ symplectic invariant of the blown up spectral curve §(Z).

The notion of symplectic invariants of a spectral curve is explained in chapter VII.

3.2 Ciritical exponents and KPZ

In this subsection, we mention very briefly the link to KPZ. Readers can easily skip to
the next section. We just sketch without details the link to conformal field theory, and
refer the readers to reference books and reviews on the subject [27,42].

Definition 3.1 The critical exponents in quantum gravity are defined as:

e The ‘string susceptibility exponent” v (often denoted Ystring tn the physics
literature) is such that v = vy and v, are related to how the generating function F,
(generating function for genus g surfaces) diverges when the mesh size (1 —t/t.) tends
to 0 (or equivalentely, how it diverges at large area):

Fy ~ (1 —t/t.)>™7 2, + regular

and for higher genus .
Fy~ (1 —t/t)* 0 t27% [,

e The “dressing exponents” A;; are related to the scaling behaviors when one
moves away from the (2m+1,2) critical point along a critical submanifold of codimen-
sion 1 (i.e. a (2r 4+ 1,2) critical submanifold), measured in mesh size, and normalized
so that Ay =0 for j = 1. In other words it is related to the scalings

Aj1—Am1
te=tre+ »_ Cryj(L—t/to) 5mi 4.

j
We have thus proved that
Theorem 3.4 The critical exponents are:

p+q
Vg =1(2-29)(p+qv = g)p+q_1

In particular in genus 0:
—2

T yre-T
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The exponents A;y are related to v; =p — (25 + 1) = 2(m — j) by:
Ajp— A, 2(m —j
J:1 1 = (m—J)

1— A T ptq—1

and since Ay = 0:

A 272 _lp—ajl—Ip—d
g1 = -
4 p+aq—Ip—d|
They are those predicted by the Kac’s table [27] and the KPZ formula [56].

Kac’s table

We refer the reader to literature on Conformal Field Theory, for example [27].
Finite representations of the conformal group in 2 dimensions, are classified as the
(p, ¢) minimal models. The (p, ¢) minimal model has central charge

where we introduced the parameter kK = %q. This parameter x is the one that appears
in the famous SLE, processes, see the literature [29,77].

Minimal models have a finite number of possible heighest weights. For the (p, q)
minimal model The heighest weights of the (p,q) minimal models are labeled by two
integers (r,s) with 0 < r < p and 0 < s < ¢, and with the identification (r,s) =
(p —7,q — s). Their heighest weights are given by the famous Kac’s formula:

(ps —qr)* = (p—q)?
4pq '

hr,s -

The weights h, s are the exponents that control how the corresponding fields change
under dilatations.
* The field (1,1) has weight 0, it is called the “identity operator”:

(1,1) field = Identity , hi1=0.

* The value of (r,s) which gives the minimum of |ps — gr|, is called the “most
relevant operator”, it has the smallest weight A, ;.

* The unitary minimal models are those for which |[p — ¢| = 1, and for them, the
“most relevant operator” is the Identity (1,1).

e Case (p,q) = (2m+1,2).
In that case, the central charge is

There are m heighest weights correponding to s =1 and 1 < r < m, their weights are

_(r—=1) (r—2m)
fir = 202m +1)
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In that case, the most relevant operator is (r, s) = (m, 1), its weight is:

—m (m — 1)

Bt = .
T 22m+1)

The only unitary models among the (2m + 1,2) models, are the (3,2) model (pure
gravity), with central charge ¢ = 0, and the (1,2) model (Airy model) with central
charge ¢ = —2.

KPZ

Polyakov understood in 1981 [74], that conformal Field theories can be coupled to
gravity, in a way preserving conformal invariance, by adding a new field: the Liouville
field.

The Liouville field is constructed from the Gaussian free field, see [29], and was
recently constructed in probability theory [24].

There are also exponents controling how the fields change with a dilatation, how-
ever, the coupling to gravity means that the metric itself changes under dilatations,
and thus the exponents get “dressed” by gravity.

It is cutomary to measure the behavior under dilatations by measuring how the fields
scale in powers of the area of the surface when the area becomes large, or equivalently
how they scale in powers of the mesh size at small mesh.

Recall that for us the mesh size is (1 —t/t.).

The exponent 7, controls the scaling of the partition function of genus g. In Liou-
ville theory, the topology enters only through the integral of the curvature, which is
proportional to the Euler characteristics x = 2 — 2g, and thus v, is expected to be a
polynomial of degree 1 of the genus. We write it:

2= =010-9)2-7)
with v = 7p. In other words, the exponent v should be such that
Fy~ (1=t/t)? 0 42729 F, ~ (1 —t/t,)179C) 272 |

The KPZ formula, due to Knizhnik, Polyakov, Zamolodchikov [56], computes the
dressing exponents A, ; of the weights h, ;. They claim that:

K K
_A2 (1__>Ars:hrs
4 " - 4 ' >
where k = %q is the SLE parameter.
For (p, ) minimal models, this gives:
A — ps —qr|—|p—al
p+q—I|p—dq

Notice that the identity operator (r,s) = (1,1), is undressed:

Al,l = 0.
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The most relevant operator (m, 1) has the dressing:
1—|p—gq
p+a—Ip—a
They also found the string exponent ~, associated to the most relevant operator

(r,s):

Am,l -

_ 2|ps—qr]
p+q—|ps—qr|

Yr.s =

KPZ formulae for the (2m + 1,2) minmal model

In that case we have:
2—2r 1—r
Ars: - ’
’ p+g—1 m+1

and
2 1

p+qg—1  m+1
This is in agreement with our direct proof from the generating functions of maps.

Y= TYm1 = —

3.3 Example: triangulations and pure gravity

Consider the generating function for triangulations. The potential is:

x? a3

V(ir) = — —t3—

(@) =5 ~ty

whose spectral curve was computed in section 1.8 of chapter III:
z(z) =a+y(z+1/2)
y() = 1z = 1/2) — t(2 = )

where «,y are determined by

t 1—r
3 2 2
— = 8t = - = .
r—r : , 7y . , « o
2
8t ¢
3
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The equation for v becomes singular at v/t t3 = t,, where
L
tc == 5 3 3/4 s Te =

and one can check that at this point, the spectral curve has a (3/2) cusp y ~ (z —
x(1))3/2. This is the (3,2) critical point, p = 3 = 2m + 1 with m = 1, also called ”pure
gravity”.

Near t. we parametrize with a scaling ¢:

Vitg =t (1 — 254),

so that we obtain

TRt - S O L aalt) —(t) 8+ OF)
where
v(t) =3Y4VE alt.) =3Y4WVE(V3 - 1).
If we choose
z2=14+6(
we have:
{ z(2) ~ al(te) + 2v(t.) + 34/t 6% (¢? — 2) + o(6?)
y(z) ~ 3 8 (¢* = 3¢) + o(5%)
i.e. the blown up curve is
{ 7(() =¢>-2
§(¢) = ¢* = 3¢.

Not surprisingly, we recognize the polynomial Q;(¢) = ¢3 — 3¢ of eq.(V-2-3).

Applying theorem 3.1, for example, we find for the first few n and g:
1 1

(IJ:(’,O)(CD Ca,(3) = 6 e, (V-3-6)
1 ?+3
o) = - T % (V-3-7)

50 (¢ G = D156 + 96122653?)? Zgié% + 661G +2GiG (V-3-8)

_ 135 4 87¢2 + 36¢* + 12¢5 4 4¢®

(D§2) (C) - 210 35 Clo (V_S_g)

1 1
(¢, G, Cay Ca) = yaaae (1 + 32 ?>
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- (0) 1 1 1 1
w C7<7C7C7C - 1+3 — +6 —— +95 -
s (0066000 6) = g Z:G Z;@@ 236
ete...
Using theorem I11.4.7, we have
oF, (9)
5 = Z%eisl w,”(2)dz Inz.

To leading order in ¢, only the residue at z = +1 contributes, and writing Inz =
In(1 4 6¢) = 6¢ + O(5)?, we get

oF,
@—tg ~ 1729 §5(1-29)+1 ?SS cbgg)((’) ¢ dc.
Similarly, taking a second derivative gives
0*F,

- $—29 §2—10g ~(9)
12 0 Cfl{i% 53%“’2 (€1, C2) G d¢y o dCo.

and a third derivative

o Fy —1-2g £3—5(1429) ~(9)
o —t 0 Cfl{i% ijg% gg% @3” (G, Ca, €3) €1 dCy Co dCa 3 dC3.

From eq.V-3-6, we thus get
83F0 52 82F0 52
~N —— e ~N = —,
ot3 6t ot? 2

and using eq.V-3-8:
0? F 58
ot? 24 33 12

as well as using eq.V-3-9:
oF, 7o . OPF, 49 5718
ot 28 35 ¢3 ot? 2836 ¢4
We define u4 such that

82Fg oy (52—10g
ot2 v 12
1.e.
1 1 49
e R T TR " TRIRER

We may thus verify that the second derivative of the free energy:
u(s) = Z 5(1-59)/2 ug
g=0

satisfies the Painlevé I equation to the first orders:
1 1
2u® + ﬁu” =35+ o(s™).

Our goal now, is to prove that u(s) satisfies Painlevé I to all orders.

174



4 Minimal models
The goal of this section is to prove that the following formal series

InT = ZN%QQ Fg

g

whose coefficients 159 are the generating functions of large maps, is a formal Tau-
function for the m™ reduction of the Kordeweg-De-Vries (KdV) hierarchy of inte-
grable equations. That reduction of KdV is also called the (2m + 1, 2) minimal model
in the context of conformal field theory. It can be obtained from Liouville conformal
field theory coupled to 2D gravity.

In some sense, we obtain an argument towards the idea that large maps should be
related to Liouville gravity.

4.1 Introduction to Minimal models

There exists several equivalent definitions of minimal models coupled to gravity. Here
we shall adopt the approach of Douglas and Shenker in 1990 [28]. Minimal models cor-
respond to representations of the conformal group in 2 dimensions. They are classified
by two integers (p, q), and their central charge is:

N2
o1 _glr—9"
prq

Some of them have received special names (see [42]):
1,2) = Airy, ¢ = —2 (related to Tracy-Widom law [80])
= pure gravity, ¢ = 0

= Lee-Yang edge singularity, ¢ = —
= Ising, ¢ = %

= Potts-3, ¢ = %

22
5

o ot
SIS
S N N

Minimal models can also be viewed as finite reductions of the Kadamtsev-
Petviashvili (KP) integrable hierarchy of partial differential equations [8,54].

The case ¢ = 2 is a little bit simpler to address, and is a reduction of the Korteweg
de Vries (KdV) hierarchy [8,48,59].

The KdV hierarchy, and the minimal models (p,2) have generated a huge amount
of works, and have been presented in many different (but equivalent) formulations. For
instance in terms of a string equation for differential operators, in terms of a Lax pair, in
terms of commuting hamiltonians, in terms of Schrodinger equation, in terms of Hirota
equations, in terms of isomonodromic systems, in terms of Riemann Hilbert problems,
in terms of tau functions, in terms of Grasman manifolds, in terms of Yang-Baxter
equations, ...etc, see [8] for a comprehensive lecture.

All those formulations are equivalent, and let us recall some of the well known
features of the (p,2) reduction of KdV (see [8,27]), presented in a way convenient for
our purposes.
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4.2 String equation

The KAV minimal model (p, 2) with p = 2m+ 1, coupled to gravity, was formulated in
terms of a ”string equation” by Douglas and Shenker in 1990 [28]. Let P, @ two differ-
ential operators of respective orders p and 2, satisfying the so-called ”string equation”:

P.Q| %Id (Vod-1)

o 1d

 Nds
% is a redundant parameter, which can be absorbed by a redefinition of s and u, but
we prefer to keep it to play the role of a scaling parameter which can be sent to zero

to get the ”"classical limit”.

Q = d* —2u(s) , P=d’" —pud™2+ ... ,

In all this chapter, we shall denote with a dot the derivative with respect to s:
df /ds = f in order to shorten notations. The prime will be reserved to derivatives
with respect to the spectral parameter df /dx = f'.

Solution of the string equation

The general solution of the string equation eq.(V-4-1) is known. Let us describe it
below.

Definition 4.1 Let (Q771/2) be the unique differential operator of order 2j + 1, such
that:
order[((Q"1/?))* — Q¥ < 2j.

For example:

3U
1/2 _ 3/2 — 3 _ _
(@77)y=d ) (@7)+ =d’ — 3ud ON’
15 15u 251 15 .. 1duu
%), = d° — bud® + —uPd — == d* — d—
(@)s W UETN Y T Ie T Ne YTaN
Lemma 4.1 [t is a classical result (see [42]) that it satisfies:
(Q77%),,Q) = & (Bs(u(s))) (V-42)
’ N dt”

where the right hand side is a function (a differential operator of order 0).

proof:

We propose the proof of this lemma as an exercise at the end of this chapter, and
we give some hints of how to do it. [J

The coefficients R;(u) are called the Gelfand-Dikii differential polynomials [42].
They can be obtained by a recursion.
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Definition 4.2 (Gelfand-Dikii polynomials) The Gelfand-Dikii differential poly-
nomauals are defined by the recursion:

. . . 1 ..
R() =2 s Rj+1 = —QURJ' - URj + WR] (V—4—3)

and by the condition that R; is homogenous of degree j in u with the grading convention
that = 0/0s has the same grading as \/u.

The first few of them are:

5 50 1

and in general:

2(=17 @i, -1 ;5.
Ritw) = 51 [“j " Toae W
JUG DG —2) ;3. 2 (2j-2)
Lemma 4.2 Any solution of the string equation
1
PQl=—1Id
.0l =+
where Q = d?> — 2u and P = d*™ + ..., can be written:
Z{ Q]+1/2 + Z CJQJ ’ fo=1
j=0

where ¢;, 1; are constants (independent of s) and u(s) is a solution of the non-linear
differential equation:

D R a(u) =
=0

(V-4-5)

This equation has the Painlevé property

proof:

The proof that the solution takes that form is obvious from lemma 4.1. The fact
that the equation satisfies the Painlevé property is beyond the scope of this book, and
we shall not use it here. We refer the reader to [23] for more details about the Painlevé
property. [l

The coefficients ¢; associated to @7 will play no role in what follows, because
(@7, Q] = 0, so from now on, we shall choose ¢; = 0.
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Remark 4.1 Since Ry = 2, we see that we can identify s with s = —2¢_;.

Examples:
e For Airy p = 1, the equation for u is:

_u=s. (V-4-6)

e For pure gravity p = 3, this is the Painlevé I equation:

1 -
3u* — WU — 2tou = s. (V-4-7)

e For Lee-Yang p = 5, we have:

) ) J I 1 -
TE uil — W — ——U + 1 (3u® — s i) — 20pu = s. (V-4-8)

-5 3
ur AN? SN ON?

4.3 Lax pair

Consider the following matrices:

Definition 4.3
0 1
Riz,s) = (x~|— 2u(s) 0) ’

_(Ax B
Dk(l’,S)— (Ok _Ak)a
where Ag(x,s), Bp(z, s), Cx(x, s) are polynomials of respective degree k — 1,k k+ 1 in
x, which are defined by (Rj(u) is the 7™ Gelfand-Dikii polynomial, cf def 4.2):

and for any integer k:

K

1 ) 1 . 1 .
By(z, s) = 5 d M Rjw) A= —onBe o Ge= (z+2u) Byt A
Jj=0

The recursion relation eq.(V-4-3) implies that By, satisfies the equation:

2uBy, + 2(1’ + ZU)Bk — ———Br = —Rk+1(u)

2N?
and we see that
Lemma 4.3 the matriz Dy(x,t) satisfies:
1 0 1. 0 0
N %Dk(fﬂ, S) =+ [Dk(flf, S),R(l’, 8)] = _NRk+1(u) (1 0) s (V—4—9)

the right hand side is independent of x, and is proportional to %R(x, s).
This equation is called a “Lax equation”.
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4.4 Lax equation

Therefore we have obtained that, if u is a solution of the string equation eq.(V-4-5),
then, the matrix:

satisfies the Lax equation:

Proposition 4.1 The matrices D(z,s) and R(x,s) form a Lax pair, they satisfy the

Laz equation
1 0 10

N %D(.’B, S) + [D(.’Iﬁ, 8)7 R(l’, 8)] = _Na_xn(xv S) (V_4_10)
which can also be written as
1 0 1 0
Na—x—f—p(m, S),R(l’, 8) — N% :0 (V—4—11)

This relation means that the operator & 2 + D(x,s) is a Laz operator [8].

4.5 The linear ) system

The Lax equation eq.(V-4-11) is the compatibility condition, which says that the fol-
lowing two differential systems have a common solution ¥(z, s):

1 d
N U(x,s) =—D(z,s)¥Y(z,s) : N T U(x,s) =R(z,s)VY(z,s) (V-4-12)

and U(zx,s) is a matrix such that:

W(z, ) = (z g) L detW—1. (V-4-13)
In particular this implies the Schrédinger equation for :
1 -
N2 (x,8) = (z+ 2u(s)) Y(z, s) (V-4-14)

where s can be interpreted as the space variable, u(s) is the potential, and x the energy.
This is why « is often called the "spectral parameter”. h = 1/N can be interpreted
as the Planck constant and this is why the limit N — oo is called the “classical
limit”.

It is possible to normalize det ¥ = 1, because ~d/ds Indet ¥ = tr R(z,s) = 0,
and thus det U(z, s) is independent of s, similarly, %d/dm Indet U = —tr D(z, s) =0,
and thus det U(z, s) is independent of z, i.e. it is a constant, and up to a choice of

normalization, it can be chosen equal to 1.
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4.6 Kernel and correlators
Define

Definition 4.4 the (generalized) Christoffel-Darbouz kernel associated to the system
D(xz,s) is defined as

K(:L’l,xg) _ ¢(9€1)¢($2) B ¢($1)¢($2) _ 1 (\If(l’l)il \D(xQ))272' (V-4—15)

Ty — T2 Ty — T2

Remark 4.2 In fact, the actual Christoffel-Darboux kernel usually considered in the liter-
ature, is the (¥(zp)™! \If(xg))2 ;- 1t turns out that the 2 are related, and this one is more
convenient for our purposes.

Definition 4.5 We define the “connected correlators” by the ”determinantal for-
mulae”:

1

Wile) = lim K(o, /) ~ —— = 4/(@)d(x) ~ ¥ (@)o() (V-4-16)
and forn > 2:
Wiy, .. an) = _(5615117’;)2 —(=0" > T K@i 200m) (V-4-17)

o=cyles i=1
where we take the sum over all cyclic permutations (i.e. o has only one cycle).

For example:
. 1
Wo(z1, x2) = —K (21, 22) K (29, 71) — M’
Wi(21, 2, 23) = K (21, 22) K (22, 23) K (23, 21) + K (21, 23) K (w3, 22) K (22, 71).

Although we have not written it explicitly, the kernel K and the correlators Wi
depend on s.

Remark 4.3 Our goal in this section will be to prove that the correlators W,, defined from
the minimal model, coincide with the correlators W,, of section 3 defined from the double
scaling limit of generating functions of large maps:

A 2 _~
Wy = W,

Definition 4.6 The non-connected correlators are defined by:

£(p)

Wn(xla ce 7xn)n.c. = Z H Vi/],uz\(,ul)a

pH{z1,...xn} =1

where the sum runs over all partitions p = (1, ..., ) of {x1,...,2n} into non-

emptly disjoint subsets. In other words, the connected W,’s are the cumulants of the
non-connected ones.
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For instance:

A

Wa(z1, 22)n.c. = W2($17$2) + W1($1)W1($2)7

A

Wi(21, T2, 23)pnc. = WsA(xly To, T3) + W ($12W2($27A$3) + Wl (22)Wa(z1, 3)
+W1([L'3)W2(.’L'1, .’13'2) + Wl(l'l)Wl([L'Q)Wl([L'g). (V—4—18)

The formula eq.(V-4-17) is called ”determinantal formula”, because for the non-
connected correlators, the sum over cyclic permutations in eq.(V-4-17) is replaced by
a sum over all permutations, with their signature:

/

Wolx1, . Tp)ne. = dét(K(xi,xj)) = z:(—l)(7 H K (i, To(:))

g

where det” and Y signify that whenever the permutation ¢ has a fixed point if o (i) = i
we must replace the ill-defined K (z;, ;) by Wi(z;), and whenever the permutation o
has a cycle of length 2, i.e. o(i) = j and o(j) = i, we replace K(z;,z;)K(x;, z;) by
— Wy, 2;), see [10].

A

For instance W ,, .. is the sum of 6 terms coming from the 6 permutations:

A , K(xl,xl) K(I’l,.’ll'g) K(.’L’l,xg)
WS,n.c.(xlax%xS) = det K(x%xl) K('x%xQ) K(.’L’Q,I'g)
K(.’L’g,l’l) K(I’g,.’ll'g) K(.’L’g,l’g)

= Wl(xl)Wl(x2)Wl(x3) + Wl(fl)W2($2, r3) + W1($2)W2($1, r3)

A A

+Wi(2s)Wa(wy, 22) + K (21, 22) K (72, 13) K (23, 1)
+K(.’L’1,I’g)K(I’g,.’L’Q)K(I’Q,.’L’l) (V—4—19)

which coincides with eq.(V-4-18).

Alternative definition of the correlators

Notice that:
K(I‘, Z‘/) _ W(@Gﬁ(ﬂc’) — w($)¢(1”)) B 1

|
<
|
~
—~
s
—~
8
SN—
L
=
—~
8
—
~—
N
o

and thus

K(z,2')K(2,2") = ! (W) W) E W) 0 (")

=) =)

2,2

where F is a matrix which projects on the (2, 2) coefficient:

(1)
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Definition 4.7 The projector M(z):
M@w:wmgwuvlz(—g@gw ww%un

The matriz M(x) is a projector, it satisfies
M(z)* = M(x) ; Tr M(z) =1 : det M(z) = 0.

Thanks to that matrix M (z), we can rewrite any cyclic product of K (x;, z,(;)) as a
cyclic product of matrices M (x):

TT & () = LM )
19 ag H’L(xl o .’L'a.(l))

For example:

WQ(IL’,xl) = — K(z,2")K(2', 2) — (z —1x’)2 - = (]\j(_x)x]’\é(x/) B (x —1$’)2
and

K(z,2")K(2',2")K (2", 2) =

It follows that

Wty — T @M@ M) = ME@M@E)ME)) T M) (M), M)

@ =) =) =) @ =)@ =" )

And in general the correlators are:

Theorem 4.1 X
Wi(z) = NTrD(z) M(x)
- Tr M (1) M (z2) 1
W — _
2 (21, 22) (01— o) (01— o)
and forn >3

Wn(xl,...,xn = Z HHZ 0 M( 01(1))

— X
o=cyclic o(d) )

Loop insertion

We shall define a ”loop insertion operator” §, acting as a derivation (i.e. satisfying
Leibniz’s chain rule) on the functions ), ¥, ¢, ¢, and inserting functions of more vari-
ables (whence the name insertion).
In that purpose we first need to define formally derivative acting on a set of func-
tions, without evaluating the derivatives. This is the notion of the Picard-Vessiot ring.
let F,, = C(z1,...,x,) be the field of rational functions of n variables, and F, the
projective limit n — oc.
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Definition 4.8 Let A be the Picard-Vessiol differential ring over F freely gener-

ated by the symbols 1 (x),(x), ¢(x), d(x), and quotiented by the relation (x)d(r) —
J(@)o(z) = 1. ~ N

This means that A is generated by all the symbols V(z), v (x), d(x), p(x), and their
derivatives with respect to any 0/0x; and 0/0s, and is the set of all their sums and
products.

We also define its n-dimensional analogue, A, to be the Picard-Vessiot differential
ring with n variables.
It is the differential ring over T, freely generated by the symbols

U(xy), o(x), d(xi), p(x;), © = 1,...,n, and quotiented by the n relations

V() () — Y(w)p(w;) = 1.

Let Ay its n — oo projective limit.

Then, we define a loop insertion operator, as an operator 0 : A, — A, .1, by:

Definition 4.9 Let U(x1) € My(Ay) an arbitrary 2 X 2 matriz whose elements belong
to the Picard-Vessiot ring Ay, i.e. only function of one variable x;.
We say that 0, acting in A is a “loop insertion operator” if it satisfies:

e § sends A, into A, 1.
e 0 annihilates F, i.e. F, C Kerd.

e § is a deriwation, it satisfies the Leibniz rule 6,(fg) = fo.9 + go.f.

e its action on the generators of A is
M (2!
W) = ~ _(xx) U(z) + U(z) U(z)

it commutes with the derivations d/dx; and d/ds:

d d
5x‘7— =0 ) 5x-7_ =0
[ ! dxl} { ’ ds]

This is equivalent to requiring

M(:L”)+ . . 1 M)

r—x

o The d,,’s comute together:
02,502, = 0

This last requirement is equivalent to demand that

U(x) = Uly)

5,U(y) —0,U(x) = [U(x),U(y)] + g
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(In order for this definition to be meaningful, one has to check that the action of

d is compatible with the relations ¥(z;)p(x;) — ¥ (x;)p(x;) = 1, which we leave to the
reader as an easy exercise).

The existence of an insertion operator is not automatic and not trivial.
However, in our case, such an operator exists:

Proposition 4.2 The following choice for U(x) fulfills all the requirements:

Ule) = (w<x>0¢<x> 8)

provided that we define

1 d
N ds Y(z)p (). (V-4-20)

proof:

We leave it as an exercise. [
The main properties of the insertion operator are

Proposition 4.3 The kernel K is self-reproducing:
O K(2,2") = =K (z,2")K(2', 2")

This implies that

5$n+1Wn(l’1, Ceey l‘n) = Wn+1(l’1, Ce 7~men+1) + (.1;15117’;2)2
We also have that:
O M () = [M(j)_’]g\;[(x)] + [U(2"), M(x)]
5,D(x) = M (;f)_ f,(””)] UG, DE) + : i”_(z ,))2 (V-4-21)

proof:
Those relations are easy to derive from the definition of d, we leave it as an exercise
for the reader. [J

Loop equations

Theorem 4.2 (Loop equations) (proved in [10]):
the quantity

Ifn(x;xl,...,xn)
- Wn+2,n.c.(x7x7$17~~~amn)
n 2 A~
+Zﬂ Wo(x, 21, .o Tjo1, Tjgay ooy Tn) — Wil@r, .o, )
= Oz, T —

(V —4—22)

18 a polynomial of the variable x.
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This assertion is highly non trivial because none of the terms in the right hand
side are polynomials of x, they involve functions ¢ (x) for instance. Only this very
combination is polynomial.
proof:

The full proof can be found in [10,11]. Let us give a hint of the proof.

The case n = 0 is very easy, one can explicitly compute:

2

. . N
Py(x) = Wy(z,x) + Wi(z)* = —N? det D(z, s) = 5 Tr D(z, s)*

which is indeed a polynomial of z.
The cases n > 1 can be obtained from n = 0 by recursively applying ¢,,. Indeed,
we have:

0 Wn(anrl,xl,...’xn)

OTp i1 T = Tn

Poii(@;xy, .o Tpg1) = Oapyy Pa(s 2y, .0 2p)

Then observe from eq.(V-4-21) that 6,,, , D(z) is a rational fraction of z, containing

only elements of A,,, and P, can have no other pole than x = oo.
O
For example, we have that

RN

Pi(zyz1) = 0 F(2) — 9%, T — a1
N? 0 1

_ - 2 _ R
= 3 O, (Tr D(x,s) ) N@xl . Tr D(z1,s) M(xy)

Tr D(x1,8) M(x1)

= N?TrD(z,s)6,D(x,5) — N

_Nﬂommng)_NﬂD&;%ﬂm

_ TrD(:Zs) (e (). Dir. o) +TU(;11),D<x, )+ %%)
_NTﬂﬁﬁzg@g_NﬂvgtzMug
o2 D) [Dlan, ), M)

_ Nﬁp@@CK%E—NT”EﬁngQ—NﬂﬂgtiMM)

and one observes that (D(x,s) — D(x1,s) — (v — x1)D'(x1,5))/(x — z1)* is indeed a
polynomial of z.

4.7 Example: (1,2) minimal model, the Airy kernel
Let us write the (1,2) model, i.e. m = 0. We have:

P=d , Q=d-2u
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the string equation is:
le.

The Lax pair is:

m,s):(xﬂs (1)) : R(I7S)=<x28 (1))

The differential system is:

1 d 0 1
N%\I’(x,s)—— (x—s 0) U(z,s)

1.e.

" __ N2(37 _ S)w

whose solution is the Airy function (The Airy function is solution of Ai"(z) = x Ai(x),
see textbooks on classical functions [1]) rescaled by N2/3:

le,s) = AiNS(z =5)) . dlas) = -NPANE @ - s))
and the other independent solution is the "BAiry” function [1]:
6(z,5) = —r N'Bi(Ni(z —5)) ,  ¢(z,5) =aBI(Ni(z —5))

where in the litterature, Bi is normalized so that AiBi’ — Ai' Bi = 1/7.

The Christoffel-Darboux kernel is thus the famous Airy kernel [80]:

Ai(z)Bi'(z2) — Al (21)Bi(as)

KAiry(s + N_2/3$1, S + N_Q/gl'g) =T
Tr1 — X2

and this is why the (1,2) minimal model coupled to gravity, is sometimes called the
” Airy model”. In fact, since Ai(x) o< Bi(x e%) — Bi(z e%), by taking a linear combi-
nation of rotations we can replace Bi by Ai. This is the usual convention for defining
the Airy kernel, ours is slightly more general and recovers the standard one by taking
the difference after rotations by angles +27/3.

Remark 4.4 The Airy kernel plays a very important role in many problems, in particular
in the universal laws of extreme values, related to the Tracy-Widom law [80]. We mention
this, not as a coincidence, but because, as we have seen in chapter II counting maps is closely
related to random matrices, and the asymptotic limit is closely related to the eigenvalue
statistics at the end of the spectrum.

So it is very natural that large maps can be related to Tracy-Widom law of extreme
eigenvalues.

186



Let us parametrize

Ai(r) = YL@ -z gt Bi(z) = V ol 7.

2./ ’

The Airy equation Ai”(z) = z Ai(x), implies that f(z) satisfies the differential equation

f/2
4

e i 1=

and taking the derivative again, and after dividing by f’

1f”/=217f,+f.

DO |

One easily finds from this linear equation and from the leading behavior f ~ 1/y/x,
that:

oo
(6k —1)N JT
—+Z 95k 3k | °
k=1

Then, from eq.(V-4-16) we compute the 1-point function

g

Wi(s+N"23z) = 7 N3 (AY (x)B12(x) — z Ai(x)Bi(z))
— N2/3 1 ( (x) 1 xf(x)Q)

2 f(x) 4
1
= ¥ (1@ - e ()

Taking the derivative again implies N~43 W{(s + N~2/3z) = —f(x)/2, and therefore

A (6 — ) . )

Wl(l’) = —N\/.’L'— S+ ZW ( — S) 3k+1/2N1 Qk.

k=1
We may write it:
Wie) = N ()
g=0
with 6 ~
WO@ = —va—s . WO = G e

259 39 !

The 7 function (defined in the next section) is simply:

N253
T=€ 12,

For the Airy system, the polynomial of theorem 4.2 is simply:

P,(z) = (x — $) np-
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4.8 Tau function

The notion of Isomonodromic Tau-function was defined for any Lax pair by Jimbo-
Miwa [52,53]. In this book we shall not study in details why the Tau-function is a
useful notion, we just mention that indeed it encodes most of the properties of an
integrable system, it is a very fundamental notion. We refer the reader to literature
on integrable systems for learning more about Tau—functions and their utility, see for
instance [8,50,60,61].

Let us describe how it is defined in our case. In order to define the Tau-function,
we need to consider the large x formal asymptotic expansion of W(x).

First we define .
T(x) = (/ Y (') dac’)
+

where Y (z) = \/A%(x) + B(z)C(z) is (up to a sign) the eigenvalue of D(z), and (),
means the strictly positive part of the Laurent series in y/x (and thus it is independent
of a choice of integration constant). By an easy induction, one sees that the large z
formal asymptotics of ¥(z) is of the form

1 VA VAN  NowT(z 1 0
\I](x)’\’—( 1/4 2174 \I’(f’@)eN3T() ) 3=\ —1)°

and where ¥(z) = Id + O(1/4/) is an analytical function of \/z near oo:

- v v? u (0 1 5 1
- — — — —3/2 — = V-4-
U(x) Id+\/§03+2x1d+2x (1 0)+O(x ) : U= (V-4-23)

Miwa-Jimbo [52,53] define the Tau-function 7(s) and its log, the free energy function
F(s) =In7(s) such that:

oF _ —N Res Tr (¥(z) ' V' (z)03)

88 T—00

First notice that

Tr (U(z) 'V (z)o5) = Tr<

which is a Laurent series in /.
Therefore the definition of the Tau function is equivalent to

F = —2N Res Wi(z)T(z) dx

T—r00

Then, write Y (z) = v/—det D = /35 Tr D?, so that

Y (x)
0s

2Y () = TrPD=TD(-R —N[D,R])=—-Tr DR = —B(x)
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Y (z) _ B(@) _ B

Ds 2Y (r) 2\1/BO+A2

2\/x+2u 2N23+ﬁ§—§

= 2\/OC—(lJFO(l/I )

Then, since T'(z) = ([ Y (2/)dx’) .+ by integration we find

oT (x)

ds =V

In our case this leads to

N7'0F/ds =2 Res Wy(z) vz dx

where Wi (z) = ¢/(x)¢(z) — ¥/ (z)¢(z). Taking another derivative with respect to s,
and using the 0/0s equation satisfied by ¥(z, s), we get

N~LOW(x)/0s = @' (2)d(x) + () (x + 2u(s))p(x)
—((z + 2u(s))P(z)) ¢(x) — ¥'(x)P(x)
= —(@)o(x),

and therefore:

N720°F/0s* = —2 Res ¥(x)p(x)v/x dz
Tr—00
From the asymptotic expansion eq.(V-4-23), one has

VE)ola) ~ 5= (1= 2406
and thus
N29°F/0s* = Res (1 — — +O( B2 de =u

T—r00
And therefore we find

N29*F/0s* = u(s).
Therefore we have just recovered the Its-Matveev’s equation [50]:

Theorem 4.3 The Tau-function of the integrable system defined by the Lax pair
(D,R), is such that u(s) is the second derivative of InT:

2
7(s) = V) : 88};28) = u(s),

and u(s) is solution of the Gelfan-Dikii equation eq.(V-4-5) of lemma 4.2:

Z EjRj—i—l(u) = S.

J=0

3
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The Tau—function has many properties, which can be found in textbooks and clas-
sical works on integrable systems [8,50,60,61], but which are beyond the scope of the
present book. In some sense, the Tau—function is the most fundamental function char-
acterizing an integrable system, it contains all the information about the integrable
system.

Here, for the integrable system satisfied by the (2m + 1,2) minimal model, the Tau
function can be computed by integrating twice the function u(s) solution of a Painlevé
type equation.

4.9 Large N limit

Our goal is to compare the minimal model’s Tau function with the generating function
of large maps introduced in section 1.3, which is by definition a formal power series
of I/N,InZ =37 N> F,, where F, is the asymptotic generating function of large
maps. The conjecture of topological gravity (proved below) is that:

7($) L Z

Therefore, we need to study the formal large N expansion of the minimal model (p, q).

The large N limit for minimal models, is also called ”dispersionless” limit. The
parameter 1 /N, which we introduced as the coefficient of the identity in the commutator
[P, Q] = +1d, is called the ”dispersion” parameter. In the large N limit P and Q
tend to commute, 1/N plays the role of & in quantum mechanics, and the large N limit
is a "classical limit”.

Intuitively, in this limit, the operators P and @) will be replaced by functions, also
the operator d will be replaced by a function z, and thus P and @) will be replaced by
some functions of z and s.

Taking those observations as a guideline, in analogy with Q = d? — 2u(s), and
P=dl+ ..., we define:

Definition 4.10 We define two functions x(z, s) and y(z, s) (which will be, as we shall
see later, in some sense the large N limit of QQ and P ), polynomials in z, of respective
degree 2 and p, of the form:

7(2,8) = 2% — 2ug(s) , y(z,8) = 22+ O(27?) .
which we require to satisfy the following Poisson bracket equation (the ”classical limit”

of the string equation [P,Q] = 1/N):

v} = - o-—5.5. =1 (V-4-24)

Proposition 4.4 the general solution of this Poisson equation 1is:

x(z,8) = 2% —2u(s)

LN , 2ug(s)\? T i, ,
y(z,s) = th <z2j+1 <1 - 22 ) ) +ch x(z,s)’,
j=0 + 0

j=
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= Z £ Q;(2) + > i z(z,s), (V-4-25)

where ()4 means the positive part of the large z Laurent series expansion, where Q;(z)
was introduced in eq.(V-2-3), and where the function ug(s) has to satisfy the algebraic
equation

- 27+ 1) s
- ot 2D s 49
Pluo(s ZO ()2 TG 3 (V-4-26)

From now on, we shall always consider c; = 0.

proof:
It is very similar to the proof of lemma 4.2, we leave it as an exercise for the reader.
We just mention that once we have seen that the function y(z,s) must be of the
form eq.(V-4-25), the Poisson equation {y,z} = 1, written at z = 0 reduces to:

. -1
iols) (0, 5) = -
1.e.

(2]—1—1) 1

which can be integrated with respect to s and gives a polynomial equation for ug(s):

m

Pluls) = 0 (w2 S =

which is clearly the classical limit of eq.(V-4-5) (i.e. it coincides with eq.(V-4-5) by
removing all derivative terms). In other words, formally in the classical limit, the
non-linear differential equation eq.(V-4-5) for u(t), becomes an algebraic equation for

uo(s).
This is the same equation which we encountered for large maps in eq.(V-3-4).
O

For example, for pure gravity m = 1 we have the classical limit of eq.(V-4-7):

4P (ug) = 3uj — 2tgug = s. (V-4-27)

4.10 Topological expansion

In order to compare minimal models with large maps, we now look for a function u(s)
which is a formal series in 1/N.

Proposition 4.5 The formal series in 1/N solution u(s) to the string equation
eq.(V-4-5), can be expanded as an N2 power series starting with ug (solution of
P(ug) = s/4) as a leading order:

s) + Z N7 u;.(s)
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and where all coefficients uy, are rational functions of uy (their denominator is a power

of P'(ug)):
uE € (C(Uo)

proof:

One notices that the string equation eq.(V-4-5) involves only N? and therefore the
expansion is in powers of N? instead of N. Almost by definition of wug, we see that
uo(s) satisfies the string equation eq.(V-4-5) at N = oo, and therefore is the first term

of u(s).
Since
P(ug) = s/4
we have
/d _ 1 u _ _P”(Uo) u _ SPII(UO)Q _PI(UO)PIII(UO)
T AP (ue) T Y 16 (P'(ug))P T " 64 (P'(uo))® R

and in general, any derivative of uy with respect to s can be written as a rational
function of wuy, whose denominator is a power of P’'(ug). Solving the string equation
recursively involves derivatives of ug, and thus each wu; is a rational function of ug whose
denominator is a power of P’(uy).

O

Using the expression of Gelfand-Dikii polynomials eq.(V-4-4), the equation satisfied
by u to order O(1/N?) is

2

24 N?

1 =Plu)-

: P'(u) = 5oz P"(u) + O(1/N")

12]\72

and thus we get

Uy =

iy Pwo) | i Puwg) _ 1 (g
12 Pug) 24 Plug) 24

W2 g

We could easily obtain us, us, ... by expanding to further orders.

Topological expansion for the Tau-function

Proposition 4.6 We have:
From the 1/N* expansion of u(s), we get that the Free energy F(s) = In7(s) such
that v = # F, also has a 1/N? expansion:

Inr=F=Y N"%F(uw) , Fy=u, (V-4-28)

9=0

In particular we have

st k+4 (25+2) (2k+2)!
Fo=—4)Y 1t 2)ktits
Z e (~uof Tt k+3 G+ 2 K (k+ 1)

_ _ 1 /
Fi = oYy In(—21ug) = 51 In (y'(0, s)).
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proof:
We propose it as an exercise at the end of this chapter. F; can be easily derived
from the expression of u; above, and for Fy, see the hints in the exercise.

O
Topological expansion for the differential systems

Since the coefficients of the Lax matrix D(z, s) depend on u(s) and its derivatives, it
has a formal 1/N expansion:

z8) — A(x,s) Bl(zx,s) _ RNCI
D(z,s) (C’(ac,s) —A(ac,s)) ;N Dz, 5)
where

B(z,s) = ZN_2kBQk(Z‘,S)

C(z,8) = (2*+2u—2ug)B(z,s) — # B(z,s) = ZN*% Cor(z, 5)

-1

Az, s) = ﬁBx s ZN 1 Ageyi (2, 8),

and notice that Bgy, and thus Cy, and A1 are polynomials of z, i.e. polynomials of
22 = x4 2uy.
To leading order we have:

DO (2, 5) = ( ( X B(x, u) ) (V-4-29)

The determinant of D (x, s) is:
det DO (z,5) = — (2 B(2* — 2uq, uo))>.
This means that the eigenvalues of D©)(z, s) are 2 B(2* — 2ug, uo).
Notice that z B(2? — 2ug, ug) is precisely the function y(z, s) of proposition. 4.4, in
eq.(V-4-25).
Definition 4.11 The “classical spectral curve” is the eigenvalue locus of the classical

limit DO (z) of the Lax matrix.
If we parametrize x as v = 2> — 2uy, the eigenvalues of DO (z,s)) are:

y==%y(z59)
where y(z, s) is the function defined in eq.(V-4-25).
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Written in a parametric form where ug = ug(s), the classical spectral curve is thus:

e z(z,8) = 2% — 2ug
m = - r 241 +1)! i—1)!
B T (e s) = S, 5Q0(2) = 5, 8 2 (—uo/2)! B

(V-4-30)

Remark 4.5 It is important to notice that it is a genus 0 hyperelliptical curve, which
is equivalent to saying that it can be parametrized by a complex variable z (higher genus
would be parametrized by a variable z living on a Riemann surface), and which is equivalent
to saying that the polynomial 42, written as a polynomial in z, has only one simple zero,
located at © = —2uq, all the other zeroes are double zeroes:

y? =22 (E(x,uo))2 = (z + 2up) (E(:c,uo))Q.

Remark 4.6 It is also the same curve as the blown up spectral curve considered in section
2. This is of course not an accident, this is an indication that indeed, large maps are related
to the Tau-function of the (p,2) minimal model. Our goal is to show that not only the large
N limits coincide, but the full expansion.

4.11 WKB expansion

Similarly, we can look for a formal large N asymptotic expansion of the solutions
¥ (x, s) of the differential system. To leading order, it takes the WKB form:

(1 + Z N~ oy (z, s))

efN ff2u0 ydx

\/5(—95 — 2uy)

(2, 5) ~

NI

V2

and we recall that z = (z + QUO)%. The BKW expansion of the other solutions ¢ and
¢, are obtained by changing N — —N. For the matrix ¥, we have:

U(x,s) ~ L o N S5, vz (x + 2u0)i (1 + Z N=Fy(x, s))
k

A

1 1 1 B © .
\If(.’L',S) ~ ﬁ <\\/[ZE \/é?) \I’(l’,s) e Nz [, yd

where o3 = diag(1, —1) (denoted o3 because it is the 37¢ Pauli matrix), and
U(z,s)=1Id + Z N7F W (z, s).
k=1

where each Wy (x, s) is a square matrix independent of N:

e = (003 565)
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The fact that U satisfies the differential systems U = —NDV and ¥ = NR¥ imply
for U:

N 2_(C— A 1 -
B Nylllag ( B2+ C Bz C QAZ)\D_4—2(O 1)\1,
z

C — Bz* — 2Ax —Bz*-C 10
B A N (2% +u — ug Up —u I do (01
\Il_—NZ\I/0'3+;< w — g —22+U0—u ‘1’—@ 1 0 U

Let us expand it into powers of N, we have:
B(z,s) = Z N=2* By (z, )
k

1
C(z,s) = (2*+2u—2ug)B(z,s)— WB x,s) ZN 2k Cor(, 8)

-1

Az, s) = ﬁB x,s) ZN_% Y Agiya(z, 8),

and notice that Bgy, and thus Cy, and Ag,. 1 are polynomials of z, i.e. polynomials of
22, Notice that
Co(z,s) = 2> By(x,8) = 2.

that gives
1 1 ~
Ve = 5 Z(Z2B2j + Coj)rt1-25 — % Z(Z2B2j — Coj)¥pr1-25
Jj>1 Jj>1
. 1 -
+ Z Agj1r—2j — 4—,221/%
j=0
i ~ 1
U, = 2yt + Z Agj1Up—oj + By 2(2232]' — C9))Vky1-2;
>0 j>1
1 , 1
+2z (22Baj + Coj)ps1-2j — P — Uk
j>1
- U
Y = - Z uj (Pr1-25 — 1/)k+1 2j) — 9. 02¢
]>1 .
S - ~ 1
Vp = 22k + Z Z Uj (Y125 — Yrr1-25) — 2—;2%@ (V-4-31)
Jj>1

and we have similar equations for ¢, and ¢y
We have the following Lemma:

Lemma 4.4 Vk > 0, ¢y(x,5) — 0po and Uy(z,s) are polynomials of 1)z of the same
parity as k and which behave like O(1/z) at large z.

proof: .
We proceed by recursion. We have 1)y = 1 and ¢y = 0, so the recursion hypothesis
holds for k£ = 0.
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Assume the recursion hypothesis at rank k.

Since Z = 1y/z, we have that 1, is a polynomial of 1/z, and thus from the 4th
equation of eq.(V-4-31), that

~ 1
Vi1 = — (Polynomial of 1/2)
z

ie. z%ﬁkﬂ is also a polynomial in 1/z, and it has the parity of k + 1.

Then, the 1st equation of eq.(V-4-31) written at rank Ak + 1 implies that v,
is a Laurent polynomial of 1/z of parity £ + 1 (remember that Bs;, Cy;, Agjyq are
polynomials of 2% and thus contain positive powers of z). After integrating with respect
to x = 22 — 2uy, this implies that 1, ; must be a Laurent polynomial of 1/z of parity
k + 1, plus possibly a term proportional to In z when £k + 1 is even:

1/Jk+1 = E CL]H_LjZ]‘i‘ Ck+1 Inz + E bk+1,jz*].

J=0 j=21

However, from the large = behavior eq.(V-4-23) we know that at large z, we must
have ¥y41(z) = o(1) and thus the Log term must vanish, and thus z1;; is a polynomial
in 1/z, and the parity is clearly k. We have proved the recursion hypothesis to rank
kE+1.

O
Examples:
to the first few orders .
wO =1 ) % =0
. 1 ilo l.LO T uO
Y= 24(uoz+z3) T

Topological expansion of the kernel

The Christoffel Darboux kernel K (z1,x5) can be rewritten as:

~ ~

U )] Heilen) | en)oa) = D)l
9 m 2, — 29 Z1 + 29 ’

and since each term has an expansion in 1/N, whose coefficients are polynomials of
1/z and 1/z5, we have:

=N [l ydx 00
e 2 1
K([L’l,.’lfg) = ( -+ E NkKk(.’L'l,[EQ)>
k=1

K([L’l, .’L'Q) =

2«/2122 21 — 22

where each Kj(x1,x2) is a polynomial in 1/2; and in 1/z,.

This implies that the correlators also have a 1/N expansion:

A

1 o0
Wi(w) = =Ny + > NTFEy(x,x).
k=1

A 1 1
% = — O(N1
2(1'1,372) 42122 (21 — 22)2 ([L’l — 1'2)2 + ( )
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Topological expansion of the projectors M(x)

The projector M(z) defined in eq.(4.7) also has a large N expansion:

B . 1. 1(0 1/2
_;N ’fM<’f>(x)_§1d—§(z 0 )+O(1/N)

Notice that we have

M©) 1
Vi, xs, [ﬂ‘i‘Q—(O O) >M(O)(x1)} =0

Ty — T2

and thus

vxlax27

{f(_xi . ( 0 8) | M(xl)] — O(1/N)

222

Lemma 4.5 (Topological expansion) N"2W, is a formal power series in powers
of 1/N?

o0

A

Wz, ..., x) = ZN2_29_” WD (xy,...,x,)

g=0
where each W9 is a rational function of the z; = \/x; + 2ug, with poles only at z; = 0,
except WQ(O) and WI(O) which are:

W(O) - y(za 8)

o _ 1 R 1
2 42129 (21 — 22)? (22— 23)2  4dz129(21 + 20)?

This Lemma makes some non-trivial claims, first that there is no odd power of 1/N|
second that W, starts as N 2=n and third that the coefficients are polynomials of 1/z;.
proof:

Notice that in the products [ [, K (2,4, Zo(i+1)), all the exponentials cancel, and the
square roots 1/,/z; appear only by pairs, so the result is, order by order in N —k a
rational fraction of the z;’s having poles at z; = 0, or possibly at z; = z;. Except for
Wl(o) and WQ(O), the poles at z; = z; are at most simple poles, and it is easy to see that
in the sum over permutations, the residues cancel, therefore there is no pole at z; = z;.
Thus each WT(LQ ) is a rational function of the z;’s having poles only at z; = 0. The cases
of W, and Wi need to be treated separately, and are easy.

The fact that W, has a 1/N? expansion instead of 1/N comes from a simple sym-
metry argument. In the expression of Wn, changing v — ¢ and 1; — é, can also be
obtained by permuting the z;’s, and since we take a symmetric sum, only the terms
which are invariant under the exchange ¥ — ¢ and ¥ — ¢ contribute to Wi, Exchang-
ing the two solutions ¥ — ¢ and ¢ — ¢, is also equivalent to changing N — —N, and
therefore 1, has the parity (—1)", in N.
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It remains to prove that the leading order is N?~". This is obvious for n = 1 or
n = 2. For n > 3, we shall proceed by induction, by applying the insertion operator
defined in section 4.6, which has the property that

A A

(an+1Wn(.’IZ'1, ey xn) = Wn+1(.’13'1, ey Iy .’L'n+1).

Let us write:

Observe that
Va,y,a, [A(z) + aU(z), A(y) + aU(y)] = 0.

This implies that the insertion operator ¢, acts on M (x) like

oy M(z) = |

and it acts on u(s) by eq.(V-4-20), i.e.

5,u(s) =~ Ly ()ly)

N ds
therefore the action of the operator ¢, brings a factor 1/N, and the result is again
expressed in terms of M(z), M(y), and u(s) and their d/ds derivatives, and we recall
that the insertion operator commutes with d/ds.

Since . v .
Waa, 22) = — o) Mlzs) _

(21 — 22)? (z1 — x2)

is of order O(1) and is expressed only in terms of M, and since for n > 3

2

A

Wn(xla s 73771) = 5xn anl(xla s 7-,177171)

we see that by recursion:

A

W, = O(N*™).

O
We mention that this theorem is far from being true for any Lax matrix. It holds
because our Lax matrix is related to the (p,2) minimal model.
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4.12 Link with symplectic invariants

We have found that the minimal model correlators W, have a formal large N expansion
of the form

A

Wy, ... x,) = ZNQ*QQ*” Wég)(xl, Cey Ty)

g

where each VT/}EQ) with 2 — 29 —n < 0 is a rational function of the z; = v/x; + 2ug, with
poles only at z; = 0. And we have found that they satisfy loop equations in theorem
4.2.

Let us define:

A1) = W alen), ) T[ /() 4 20

The first few are easily computed from the BKW expansion, and one finds:
o (2) = —y(z,9)2'(2)

1
~(0
cé)@h@)Zzzijgﬁ

and all the other d)r(lg)(zl, oy Zp) With 2 — 2g — n < 0 are symmetric polynomials of
Then, since they satisfy loop equations, we have:

Theorem 4.4 The @7(19) can be computed by the “topological recursion”

S
oz mm) = = Reg BB O e —n )
Y

!/

g
~(h ~(g—h
+> > N DO (—2 o,z \ )

h=0 IC{z1,....2n}

In other words, the differentials @ﬁﬁ)(zl, oo 2n) [ L dzi, are the symplectic invariant
correlators for the spectral curve of eq.(V-4-30) (see chapter VII for the definition of
symplectic invariants of the spectral curve).

proof:
Notice that, since c&ﬁﬁl(zo, Z1,...,%,) is a polynomial in 1/z, we have the Cauchy
identity:
. dz
wfﬁzl(zo, ZlyeneyZn) = — Zfiezso P wr(izl(z, Z1yeey Zn)
dz (9)
= Res O (2,21, .., 2n
250 29 — 2 n+1( 1 )
dz
= — Res 2&1%0)(2) c&fﬂzl(z, 21y ey Zn)

=0 (29 — 2)y(2)2'(2)
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Then, the loop equations (theorem 4.2) imply that the quantity

g /
2&1%0)(2) wfﬂzl(z Z1yeeeyZn) F Z Z djg#f(z, I an #I( {z1,.. ., 2o\ 1)
h=0 IC{z1,....2n}
—i—c&éﬂ}l)(z, 2,2y 2n)
is equal to 2/(2)? times a rational function of x(z), with no pole at z = 0 (in fact it is
a polynomial of z(z) plus a rational function of x(z) with poles at z = £z;), in other
words it cannot contribute to the residue. This shows that

~ (9) _ [A (9-1)
Wp1 (20, 215 - -5 Zn) B_e)(s) = G070 Wplio (2, 2,21, .- 2n)
g /

+Z Z (DYE#I('Z?I)lern w12 {71,z N T)

h=0 IC{z1,....2n }

Then, using the fact that each « o has a given parity in the z;’s, it is easy to complete
the proof.

A special care is needed for @%1)(20) because (IJ%O)(Z, z) is ill-defined, but we leave to
the reader to check that the theorem also holds for that case.

O

As an immediate consequence we have that:

Corollary 4.1 The correlation function o of the minimal model (2m+-1,2), coincide

with the generating function of large maps oY ofgenus g andn > 1 boundaries (defined
in theorem 3.1):

proof:
The topological recursion theorem 4.4 for the minimal model (2m+1, 2), is identical
to the topological recursion of theorem 3.1 for the generating functions of large maps.
Therefore, the & of the minimal model (2m + 1,2) and the generating function
of large maps &9 are both equal to the symplectic invariants of the spectral curve
(2(z,$),y(z,s)), they satisfy the same topological recursion with the same initial con-

dition. O

4.13 Tau function

Here, we prove that the double scaling limits Fg of the large maps generating functions
(see section 1.3), which coincide with the symplectic invariants F, of our spectral curve
(see theorem 3.3), do also coincide with the coefficients of the topological expansion of
the minimal model Tau-function introduced in section V.4.8, i.e. prop. 4.6, eq.(V-4-28):

InT = ZN2_29F9 , O°F, /05> = ugy(s).

g

200



From the Poisson equation eq.(V-4-24), it is easy to see that our spectral curve has
the property that

dy(z, s) 1
95 |uzs) 2z
and thus
0 'dz!
7' (2) 75| y(z,8)=—1= 52350 ﬁ = zR—?Eo 7 o0z, d2

Knowing that, it follows from general property of symplectic invariants F, of a spectral
curve (see chapter VII), that:

9 F, = Res 26\9(2)dz = 2 Res v + 2up W\ (z) da

0s z—00 T—00

In other words 9
— F, =2 Res W (z)yzds

aS T—00
and summing over g:

1 0F . 1 0F
N a5 = 2 Bes Wi@) Vede = 55

where the last equality holds by definition of the T-function in section 4.8.

This proves:

Theorem 4.5 Near a m™ order critical point, the coefficients of the double scaling
2m—+

limit of large maps Fg such that Fy ~ (t—tc)(272g) T2 Fg, are the symplectic invariants
of the classical spectral curve eq.(V-4-80), and are such that the generating series:

T = exp Z NQ*QQZE’Q
9

is the Tau-function of the (2m+1,2) minimal model, or also, u(s) = d*In7/ds? satisfies
the m + 1" Gelfand Dikii equation:

Roi1(u(s)) = s.

We have thus seen, that the asymptotic generating function which counts large maps
near a critical point of order m, is the Tau-function for the (2m+ 1, 2) reduction of the
KdV hierarchy. In particular, its second derivative satisfies the (m+ 1)" Gelfand-Dikii
equation.

4.14 Large N and large s
Rescaling N

We have introduced the parameter N as a scaling parameter in order to define formal
power series.
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But notice that N is redundant, it can be absorbed by the change of variable
ptl —2
s = N"»+2 3§ and u(s) = N#+2 4(5). We have
Q=N=Q@ , P=NwP
with
Q=d*—2u(s) , P=d—pud*+... . d=—
and they satisfy the string equation without 1/N:

[P, Q] =1d.

Homogeneous Case

A case particularly interesting is when all £;’s with j < m vanish. In that case, the
equation for ug(s) is simply:

S

- (2m+1)! a1
= Plun) = h I g/,

m!(m+1)

i.e. P(up) is a homogeneous polynomial of w.
This implies that the BKW expansion of u(s) has only homogeneous terms:

o
_ 1—g(2m+3
u(s) = up + E N™% ¢, u 9(2m-+3)
g=1
where ¢, are some complex coefficients.

+1 -
Using the reparametrization s = N 72 § and u(s) = N#2 @($), this amounts to

writing a large § expansion for u:

s s — 537 (1—g(p+2))
. N e _ —2t, (=)™ (2m 4 1)1\  #*
a(3) =) @, s g = ( (m+ 1)! '
-0 :

The coefficients u, can be found by inserting this expansion into the Gelfand Dikii
equation R, y1(u) = s, or also, since F' = Y N?729 F(s) and F' = u(s), we have just
shown that, for g > 2:

(1—g)(m+1)? _ oz

(2m+3) (m+2— g(2m +3)) Uy = Fy = Fy({z(2, 5), y(2, 5)}).

We thus formulate the theorem:

Theorem 4.6 If u(8) writen as a large 5 series
a(g) _ Zag 5;%(1*9(2%2))
g=0
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is solution of the m + 1™ Gelfand Dikii equation (here we choose N = 1)

Em Rm+1(a) = §7

then 1 |
s ml(m+1)!
—1p/2)" T = —
(=to/2) At, (2m+1)!
- m
U = —
YT 24 (m+1)

and for g > 2, the coefficients U, of the expansion, are related to the symplectic invari-
ants F, of the spectral curve S

& { x(z)z;Q—Zﬂo

T m—41—27 ~ i (2m+1)! m—j)!
Qm(2) =t Zj:O ZmHi=2 (—t0/2) ( nj!_) j!(2(m+1jz2j)!

(1 g) (m+1)?

(2m+3) (m+2 — g(2m + 3)) iy = Fy(S).

and as an immediate corollary:

Theorem 4.7 Near a m'™ order critical point, the double scaling limit of the generating
functions of large maps of genus g:

. 2g—2)2m+t3 —
F, = lim 9 Yamiz 292
g e—0 g

are related to the coefficients i,() of the large § expansion of the solution of the m+ 1™
Gelfand-Dikii equation:

(1-g)(m+1)°

Gm+3) (m+2—g2m+3) Fy.

This theorem is an indication that large maps are related to Liouville conformal
quantum field theory coupled to the (2m + 1,2) minimal model.

4.15 Example: Pure gravity case

Let us illustrate all this on the important example of pure gravity case, m = 1, the
(3,2) minimal model.

We have: ;
Q=d*—2u P:d3—3ud—mu.

The string equation [P, Q] = % Id gives the Painlevé I equation for u(s):

1
3u? — — i =s.

2N?
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There is a formal solution of this equation with an expansion in powers of 1/N?:

5 1 49
=—/z— O(1/N°
u(s) \/; BV pveaer WA

which can be written

Z Cg % U ) Uy = — %
With the rescaling

we have

I<g1
I
Is31
<

[VaR]
=

|
Nt

S

The free energy F(s) such that N~=2F = u(s) has an expansion:

4 5 Ins 7 5 ~
Fls)=——=N2si+—+————+ 3 (Nsi)* ¥ F
) 15v/3 48 40v/3N2s: g>3( ) !

For example, the first few correlators computed from the topological recursion are

~(0) 1 le dZQ ng
Wy (21, 22, 23) = 6u0 2 2 2
1 2 3

~(1) - dz 3 1
“rile) = 32 24 (z4u0 T2 ug) '

5 Summary: large maps and Liouville gravity

We have seen that

e Large maps are obtained when the weights ¢, of k—gons are tuned to some critical,
or multi- crltlcal values. At those critical values, the disc amplitude VV1 ( ) has cusps

of the form VV1 ( )~ (2 —a)P/? ~ V2($ O (2 — )™,
e The tuning of the #;’s

k—tkchZC'k] —t/t)" T

comes with some critical exponents
1 1

p+q—1 2m+2 ’ € (m =J)

We then have the scalings
Ey(t, {ti}) ~ (1= /1) 2720002 2720 B ({E5)
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with the exponent (called ”string susceptibility exponent” by physicists)

B —2 1
Cp4+g—1 m+1

g

Those exponents agree with the KPZ formula.

e The asymptotic generating functions of large maps, are obtained by the topolog-
ical recursion, corresponding to the spectral curve:

e z(z,8) = 2% — 2ug
m41,2) = o - o r 241 2j+1)! i—1)!
A T wles) = B Qs () = K, i T (<o) B

which is the blow up of the cusp singularity of Wl(o) (z) ~ (z — a)P/?
e This means that when ¢t — ¢,
Fyr~ (1= t/t) 27205055 (2729 F — (1 — /t,) 2725055 12729 Fo(Epmer)-
and 1 — t/t. = €* is the "mesh-size” .
e The asymptotic generating functions of large maps, ﬁg, are such that

T=elg N

is the Tau-function of the m'® reduction of the KdV hierarchy of integrable equations,
called the (2m + 1,2) minimal model coupled to gravity.

e This means that the second derivative u of In 7, satisfies a non-linear differential
equation of Painlevé type, namely the m + 15¢ Gelfand-Dikii equation:

Ryi1(u) = s.

e This means that the asymptotic generating functions of large maps coincide with
those of the Liouville conformal field theory coupled to gravity.

6 Exercises
Exercise 1: Prove proposition 4.6, i.e. that

kg JTR+H4 (27 +2)! (2K +2)!
JHE+3 G+ E(k+ 1)1

]:0 = —4 ZEJ Ek (—UO/Q)
7,k

Hint: first look for a polynomial S(ug) such that < S(ug) = 4 ug, and show that
S’ (ug) = 16ug P’ (uo).

From there, and from the explicit expression of P(ug), deduce S(uy).
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Then look for a polynomial Z(ug), such that £ =Z(ug) = S(ug), and show that
= (ug) = P'(ug) S(uo).
From there, deduce the expression of =(ug). It satisfies d*/ds*= = ug, and thus E = F,.

Exercise 2: Prove lemma 4.1 and the recursion for the Gelfand-Dikii polynomials
eq.(V-4-3).
Hint: To prove lemma 4.1, show that

1

(@9).) Q= @ (@50 @+ (@5, QL@ ).

is an operator of order at most 27 — 1, and this implies that [(Qj_%)Jr, ()] must be an
operator of order 0, i.e. a function of s.

Using (Q'/?), = d find R, = —2u, and then proceed by recursion on j.

First show (using the recursion hypothesis) that it is possible to choose two functions
a;(s) and f;(s) such that

(QU@ ) +ayd+ ) = Q¥ +0(a)
i.e. that
(@) = QQ s+ ayd+ 5 = Q1 Qo+ oy + F)d + 5

Then, writing that [(Qj+%)+, Q)] must be an operator of degree 0, find the coefficients
a;, 5, and find the recursion relation for R;.
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